We apply six-point variant on the Lane-Riesenfeld algorithm to obtain a new family of subdivision schemes. We also determine the support, smoothness, Hölder regularity, magnitude of the artifact, and the shrinkage effect due to the change of integer smoothing parameter that characterizes the members of the family. The degree of polynomial reproduction also has been discussed. It is observed that the proposed schemes have less shrinkage effect and as a result better preserve the shape of control polygon.
Introduction
The Lane-Riesenfeld algorithm [1] is a competent subdivision algorithm for subdividing uniform B-splines. To subdivide a B-spline curve, the algorithm is composed of two phases. The first phase doubles the control point by simply taking each control point twice. This step is followed by a sequence of smoothing operators which is midpoint averaging. By applying this subdivision process recursively, a sequence of piecewise linear curves is generated that in the limit converges to the uniform B-spline defined by the original control points. We may refer the articles [2] [3] [4] to the readers for further insight about subdivision schemes. However, for smoothness of the schemes, we may refer to [5] [6] [7] .
In literature, there are different variants which are applied on the Lane-Riesenfeld algorithm. For example, Schaefer et al. [8] replaced the linear smoothing operator by nonlinear averaging rule in the Lane-Riesenfeld algorithm. They replaced the arithmetic mean with geometric mean to produce a subdivision scheme. Hormann and Sabin [9] offered a family of subdivision schemes by the convolution of uniform B-spline with kernel. Schaefer and Goldman [10] presented an algorithm for subdividing nonuniform B-splines of arbitrary degree in a manner similar to the Lane-Riesenfeld subdivision algorithm for uniform B-splines of arbitrary degree. Cashman et al. [11] presented generalized LaneRiesenfeld algorithm; they used same operator to define the refine and each smoothing stage. They applied four-point [12] variant on the Lane-Riesenfeld algorithm to introduce new family of schemes.
The best choice of smoothing operator is the one which keep the sense of balance among different properties of the schemes. For example, some of the smoothing operators give high degree of smoothness but very low degree of polynomial reproduction. So, choosing smoothing operator is a challenging task. One of the advantages of the proposed smoothing operator in this paper is that it keeps the balance among different properties of the schemes.
In this paper, we apply six-point variant on the LaneRiesenfeld algorithm to introduce family of subdivision schemes. Proposed family of schemes comprises two stages, that is, refine and smoothing, similar to the Lane-Riesenfeld algorithm, but the only difference is that we have used refine stage to introduce new points in the same way as each smoothing stage. We also show how the support, smoothness, Hölder regularity, magnitude of the artifact, and the shrinkage effect change with the change of integer smoothing parameter that categorizes the members of the family. Moreover, we 2 Journal of Applied Mathematics find that each member of the family has quintic polynomial reproduction. We have the following findings.
(i) The proposed smoothing operator keeps a balance among different properties of the schemes. It also gives best degree of polynomial reproduction.
(ii) For the fixed number of control points, the number of smoothing stages is reciprocal to the magnitude of the artifacts.
(iii) Level of continuity of the schemes does not increase in general by increasing the smoothing stage. However, there are upper and lower bounds on Hölder continuity which grow gradually with the increase of smoothing stage.
(iv) The proposed schemes have less shrinkage effect and as a result better preserve the shape of control polygon.
(v) The smoothing stages affect the shrinkage in the limit curve while refine stages are not the factor of this effect.
The -Schemes
Lane-Riesenfeld algorithm performs on an input sequence = { } ∈ by using a refine stage followed by smoothing stages . A subdivision step is therefore = , where = is defined as refine stage in which each control point is doubled. = is the smoothing stage in which midpoint averaging is used to compute new control points; that is,
The 6-point scheme [13] samples a local quintic interpolant to every 6 adjacent values just like the Lane-Riesenfeld smoothing operator which samples a local linear interpolant between every two adjacent values. This offers smoothing operator as
The new algorithm uses refine stage
So, the subdivision operator for new family of schemes is given by
where refine stage is pursued by smoothing stages . We call this family of schemes as the -schemes. When we take 0th smoothing stage, then it reduces to the novel sixpoint scheme [13] . By increasing the number of smoothing stages, that is, , we get new subdivision schemes. We can easily derive mask of the -schemes for different values of as follows.
The factored form of the smoothing operator and refine stage can be written as
So, it is clear from (4) that the symbol of the -schemes with smoothing stages can be written as
with
where
In Table 1 , we present the mask and complexity of the proposed schemes corresponding to = 0, 1, 2 and 3.
Remark 1 (support of the -schemes). The basis function is the map from positions in the domain to the limit curve of the refinement corresponding to a single old vertex having a unit value and all the others zero.
Since the smoothing operator makes use of six adjacent values to insert a new one, the number of nonzero entries in the mask of is 6 and the number of nonzero entries in the mask of refine stage is 11; therefore, by following [14] , we conclude that support width of basis limit function for and is 5 and 10, respectively. Since the mask of -schemes is obtained by applying refine stage on initial data followed by smoothing stages , then the support width of basis limit function for theschemes is 5 + 10. In Table 1 , we present supports of some of the -schemes. By applying the algebraic condition (14) and Lemma 4.2 of [15] on the symbol of -schemes (6), we can prove that the degree of polynomial reproduction of eachscheme is quintic.
Continuity Analysis of the -Schemes
In this section, we make use of Laurent polynomial (symbol) formalism [16] to calculate integer class continuity of theschemes. Lower bounds on Hölder continuity are computed by using the following theorem and upper bounds are calculated by using Rioul's method [7] . Moreover, exact upper bounds on Hölder continuity can also be derived by using Floater and Muntingh algorithm [5] .
Theorem 2. The lower bound on the Hölder continuity of the limit curves produced by the -schemes with smoothing stages is
Proof. Since by (6)
then by Rioul [7] the Hölder continuity of the limit curves is bounded from below by
Since ( ) and ( ) both are alternating symbols (i.e., its even coefficients are nonnegative and its odd coefficients are nonpositive), then ( ) = ( ) ( ) is also alternating and
where and are sum of even and odd coefficients of ( ), respectively. Since by [11] ( ) = ( ) ( ) , 
By eigenvalue decomposition, we have 
) .
Thus, we have
Consequently, the Hölder continuity of the limit curves produced by the -schemes with smoothing stages is bounded from below by ( + 6) − log 2 (1 + 10( 15 8 ) ) . Table 2 summarizes the continuity analysis of theschemes. We observe that the order of continuities achieved by -schemes is reasonable, but it does not increase by increasing smoothing stages. However, there are upper and lower bounds on Hölder continuity which grow gradually with .
Remark 3. Actually, the anonymous reviewer's suggested smoothing operator = ((1 + )/2)((1 + )/2) 2 (( −1 + 3 + 
Analysis of the Limit Curve
In this section, we present limit behavior, artifact analysis, and shrinkage effect of the -schemes.
Limit Behavior of the -Schemes.
The limit behavior of the subdivision scheme can be analyzed by examining the eigenstructure of subdivision matrix . For a nondefective matrix , if there is linearly independent eigenvectors ] corresponding to the eigenvalues , then it is possible to diagonalize by transforming it by the eigenvectors and their inverse; that is, = −1 . If the subdivision curve is 0 (i.e., if all the rows of sum to one, then will have one eigenvector consisting of all ones and at least one eigenvalue must be one. If 1 = 0 > , then subdivision scheme is 0 .), then all the vertices in the local neighborhood ∞ will shrink to the same point and thus we obtain limit stencil of the subdivision scheme mathematically
The subdivision matrices for the -schemes corresponding to the masks Table 1 have order 11, 15, 21, and 23, respectively. The limit stencils of theseschemes for some smoothing stages are presented in Table 3 . By applying limit stencil on consecutive control points in local neighborhood, we get limit position of the central one. Moreover, these stencils are useful to compute the magnitude of artifacts presented in the polygon.
Artifact Analysis of the -Schemes.
An artifact is defined to be any characteristic which is undesirable and cannot be separated by movement of control points which means that the curve holds spatial frequencies above the Shannon limit [17] relative to the density of the control polygon because features of the spatial frequency below this limit are removable by movements of the control points [18] . By definition, spatial frequency is the reciprocal of the number of control points per cycle and artifact magnitude is the function of the spatial frequency. We measure the amount of artifact presented in the polygon after the first subdivision level by using the following strategy. First, take the product of symmetric mask/symbol with symmetric limit stencil/symbol and then represent this product as polynomial in = (1 + )/2 1/2 . Then, the magnitude of artifact can be calculated by substituting sin( /2) for in that polynomial, where is the spatial frequency. The magnitude of the artifact presented in the limit curve is given by ( ) = (1/2) (sin( /2)) with the understanding that the data is sampled from a sinusoid with = 1/ samples per cycle, where is the number of control points.
Theorem 4.
The amount of artifact presented in the limit curve produced by the 6-point binary scheme (i.e., = 0) is
where = sin( /2).
Proof. By substituting = 0 in (6) and (7), we get 6-point binary scheme whose symbol in symmetric form can be written as 
Since the symbol of the limit stencil 0 (as given in Table 3 ) of 6-point binary scheme is 0 ( ) = 1 0 , this implies that 
Since the magnitude of the artifact presented in the limit curve is given by ( ) = (1/2) (sin( /2)), then, by substituting sin( /2) for in above polynomial, we get
where = sin( /2), = (1/ ), and is the number of control points of the polygon.
Similarly, we can prove the following theorems. 
Similarly, we can determine the amount of artifact presented in the limit curves for other values of . The amount of artifacts of the -schemes for four (i.e., = 0, 1, 2, 3) smoothing stages is shown in Figure 1 . The magnitude of the artifact in the limit curve is plotted against the number of control points . It is noticed that when the smoothing stages increase the magnitude of the artifact decreases for the same number of control points.
Shrinkage Effect of the -Schemes.
A control polygon is a sequence of points in space that is commonly used to manage the shape of an object. We apply subdivision scheme on closed control polygons to create visually smooth limit curves. Figure 2 shows limit curves generated by theschemes with different number of smoothing stages. Note that, as we increase the number of smoothing stages, final limit curve has larger distance from the control polygon. Since this shrinkage effect is only due to the smoothing stages, it is clear that the refine stage is not a factor of this effect. Therefore, we can measure this shrinkage effect by only examining smoothing stage. We can represent smoothing stage for a closed -point polygon as the matrix 
